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Fig. 4 Solar albedo flux as function of surface-planet tilt angle ftp
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Introduction

REFRACTIVE index and scattering caii significantly
influence the transfer or radiation in a semitransparent

medium such as water, glass, plastics, or ceramics. In a recent
article,l the author presented exact nurnerical results for the
emittance of a semi-infinite scattering medium with a
refractive index greater than unity. The objective of the
present investigation is to extend the analysis to a finite
medium.

It is seen that whenever ^ is appreciable the approximate
result yields excellent accuracy. The error is never larger than
0.05. Only when ̂  is very small does the relative error become
large: for 05<90 deg Eq. (17) predicts $F<0, and $ should be
set equal to zero.

In the following figures Z = 0.05 R was chosen as a typical
orbit. Figure 3 shows the influence of solar position /35 and 05.
It is seen that the reflected solar flux is a maximum near the
direction where cosa is a maximum, i.e., at

tan/35 = tan/3-cos(6>-05) (19)

This is the reason why the approximation, Eq. (17), is so
successful as is seen again in this figure. (For clarity the
approximate solution is not shown for all cases.)

A final comparison is shown in Fig. 4 for sun and planet on
opposing sides, \0p -6SI = 180 deg with sun polar angle 05 as
parameter. The approximate maxima are again given by Eq.
(19), i.e., Ps + Pp = 180 deg. As before, the approximation
gives excellent results for all cases.

The simple approximate formula displays excellent ac-
curacy for all significant situations, with an error which is
always less than 5% of the maximum possible reflected flux.
It is felt that this approximation is adequate for all practical
applications as the common and concurrent assumption of a
gray and diffuse planet results in errors of at least the same
magnitude.
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Formulation
The physical situation consists of a finite planar layer. The

isothermal layer emits, absorbs, and isotropically scatters
thermal radiation. It is characterized by a single scattering
albedo co, an optical thickness TO, a refractive index «, and a
temperature T. The interface at r = 0 is assumed to be smooth
and its reflection and transmission characteristics are
governed by SnelPs law and the Fresnel relations. The bottom
(r=70) is transparent. The intensity incident on the interface
from inside the medium is given by l

0)

where /x is the cosine of the polar angle inside the medium, Ib
(T) is the Planck function, and p(/x) is the interface
reflectance. Physically, em (/i) and pm(^^0) are the direc-
tional emittance and the bidirectional reflectance, respec-
tively, of a finite medium with a refractive index of unity.
These properties are simply related to Chandrasekhar's JTand
•Y functions2'3:

(2)

(3)
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where the moments are defined as

a0 =\ X(n;
Jo

Since integral Eq. (1) is linear, I~ (0,n) can be expressed in
terms of a universal function /(/*), i.e., 7~ (0,^) — n 2 I b ( T )
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where

(4)

The directional emittance at pi/ = cos0/, as measured on the
outside of the interface, is defined by

(5)

where /*= [7— (7 — /xj )/h2 ] >/2 represents the direction in
which the intensity within the medium must hit the interface
in order to appear at the vacuum side in the direction /*/
(Snell'slaw).

Results
Integral Eq. (4) is solved by successive approximations. The

X and Y functions are calculated from the following two
integro-differential equations:

where

(6)

with initial conditions, T0 = Q,X= F=l. The prime indicates
the derivative with respect to optical thickness, r0. The
hemispherical emittance is calculated from

eH=2 c (M/)MM/
J 0

For a nonscattering medium (co = 0), the directional
emittance is given by

(7)

The directional emittance is just the emittance of the
"medium" multiplied by the transmittance of the interface.
The ratio of the directional emittance to the normal emittance
is presented in Fig. 1. The emittance is zero at /i/=0, in-
creases, reaches a maximum, and then decreases with /*7. As
the optical thickness increases, the angle 07 for maximum
emittance decreases. This maximum is most pronounced at
small refractive indices.

The directional character of the emittance can be ap-
proximated by the nonscattering result, i.e.

-[J-exp(-r0 / jO]
(8)

Table 1 Emittance of a finite medium

T0 W=0 w=0.10 o)=0 . 50

Normal Emittance
0.1
0.2
0.3
0.1*
0.5
0.6
0.7
0.8
0.9
1.0
1.5
2.0
2.5
3.0
3.5
l+.O
5.0
6.0
7.0
8.0
9.0

10.0
00

0.09136
0.171*02
0.21+881
0.3161+9
0.37773
0.1+3311*
0.1+8328
0.52861+
0.56969
0.60681*
0.71*580
0.83008
0.88120
0.91220
0.93101
0.91*21*2
0.95353
0.95762
0.95912
0.95968
0.95988
0.95996
0.96000

0.081+32
.0.16270
0.23U76
0.30069
0.36686
0.1+1568
0.1+6557
0.51093
0.55215
0.58959
0.73091+
0.81775
0.87091+
0.9031+6
0.92333
0.9351*5
0.91*736
0.95178
0.9531*3
0.951*03
0.951*26
0.95l*3l*
0.951*39

Ratio of Hemispherical
0.1
0.5
1.0
1.5
2.0
2.5
3.0
l+.O
5.0
6.0
8.0

10.0
00

1.0689
l.Ql+18
1.0150
0.991*7
0.9799
0.9692
0.96l6
0.9529
0.91*89
0.9**72
0.91+62
0.9l*6l
0.9l*6l

1.0689
1.01*19
1.0152
0.9950
0.9801
0.9693
0.9617
0.9528
0.91*87
0.9̂ *69
0.91*59
0.9U57
0.9**57

0.05216
0.10703
0.16171
0.211*90
0.26590
0.311*33
0.35999
0.1*0283
0.1*1*287
0.1*8017
0.62971*
0.73000
0.79597
0.83890
0.86661+
0.881+1+6
0.9Q311+
0.91070
0.91371*
0.911*96
0.9151*1*
0.91563
0.91575

W=0.90
for n =
0.01177
0.0262U
0.01*257
0.06026
0.07897
0.0981*1
0.11835
0.13859
0.15897
0.17936
0.27808
0.3661*5
0.1+1*178
0.501*12
0.551*69
0.59517
0.6521*8
0.68760
0.70881
0.72150
0.72907
0.73356
0.7̂ 008

u>=0.95
1.5
0.00598
0.01350
0.02216
0.03173
0 . 01+2Q1+
0.05295
0.061+35
0.07611+
0.08823
0.10055
0.16355
0.22525
0.28276
0.331*71*
0.38075
0.1*2089
0.1*8511
0.53152
0.561*1*2
0.5871*7
0.6031*9
0.611+56
0.63888

to Normal Emittance for n

1.0689
1.01+21+
1.0161+
0.9965
0.9816
0.9705
0.9621+
0.9521+
0.91*75
0.9̂ 52
0.91*37
0.91*31*
0.9l*3l*

1.0690
1.01*30
1.0180
0.9990
0.981*1*
0.9732
0.961*6
0.9527
0.91*56
0.91*!!*
0.937**
0.9359
0.9352

1.0690
1.01+30
1.0182
0.9991*
0.9850
0.9738
0.9652
0.9531
0.91*55
0.91*07
0.9356
0.9331*
0.9316

w=0.99 o)=0 o)=0.10 03=0.50 03=0.90
Normal Emittance for n = 2.

0.001212
0.002765
O.OQl+583
0.006626
0.008865
0.01128
0.01381+
0.01653
0.01935
0.02227
0.03807
0.05513
0.07277
0.09051+
0.10817
0.1251+1*
0.1581*1
0.18880
0.21631*
0.21*098
0.26282
0.28201
0.39802

= 1.5
1.0690
1.01*31
1.0181*
0.9998
0.9855
0.971*1*
0.9658
0.9535
0.91*56
0.9!*03
0.93̂ *0
0.9305
0.921*7

0.081*59
0.16113
0.23038
0.29305
0.31*975
0.1*0106
0.1+W8
0.1*89̂ 9
0.5271*9
0.56188
0.69055
0.76859
0.81592
0.81*1*63
0.86205
0.87261
0.88290
0.88669
0.88808
0.88859
0.88878
0.88885
0.88889

Ratio of
1.0053
0.9929
0.9801
0.9702
0.9627
0.9572
0.9532
0.91*83
0.9l*6l
0.9̂ *51
0.9̂ 5
0.9M*3
Q.9̂ 3

0.07812
0.15083
0.21771
0.27895
0.33U86
0.38581
0.1*3218
0.1*71*35
0.51267
0.5W7
0.67882
0.7591*6
0.80883
0.83902
0.8571*5
0.86870
0.87971*
0.88381*
0.88536
0.88592
0.88613
0.88621
0.88626

O.Ql+81+7
0.09980
0.15122
0.2011*8
0.21*983
0.29585
0.33933
0.38017
0.1*1837
0.1*5398
0.59668
0.69208
0.751*65
0.79525
0.8211*1
0.83820
0.85576
0.86287
0.86571
0.86685
0.86730
0.8671*8
0.86760

Hemispherical to

1.0053
0.9929
0.9803
0.9701*
0.9629
0.9573
0.9533
0.91*81*
0.9l*6l
0.91+50
0.91+1+3
0.91*1*3
0.91*1*2

1.0053
0.9932
0.9809
0.9713
0.9639
0.9583
0.951*1
0.91*88
0.9U60
0.9̂ 1*7
0.9̂ 38
0.91*37
0.91*36

0.01098
0.021*68
0.01*036

. 0.05760
0.07607
0.095!*9
0.11563
0.13627
0.15723
0.17835
0.28226
0.37656
0.1*5715
0.52365
0.57731*
0.62007
0.68013
0.71665
0.73858
0.75167
0.7591*5
0.761+07
0.77076

o)=0.95
0
0.00558
0.01271
0.02106
0.0301*3
O.OU069
0.05172
0.06339
0.07561
0.08830
0.10136
0.16986
0.23886
0.301*09
0.36339
0.1+1591
0.1+6l6l
0.531*32
0.5861*0
0.62305
0.6U856
0.66622
0.67838
0.701+98

Normal Emittance

1.0051*
0.9931*
0.9818
0.9728
0.9658
0.9601*
0.9562
0.9503
0.91*68
0.91*1*7
0.91*26
0.91*19
0.91*15

1.0051*
0.9935
0.9819
0.9730
0.9662
0.9609
0.9572
0.9509
0.9̂ 72
0.91+1*9
0.91*2!*
0.91*13
0.91+OU

03=0.99

0.001132
0.002606
0.001+361*
0.006377
0.008621
0.01108
0.01371*
0.01658
0.01959
0.02276
O.OU056
0.06077
0.0821*3
0.101*86
0.12751*
0.15008
0.19372
0.231*35
0.27130
0.301*36
0.33357
0.35915
0.5101*7

for n = 2.0
1.005U
0.9935
0.9820
0.9732
0.9665
0.9613
0.9572
0.9515
0.9̂ 78
0.91*53
0.9U25
0.91+10
0.9385
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Fig. 1 Directional behavior of the emittance for a nonscattering
medium.
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Fig. 2 Percentage error for Eq. (9) with /tt = 1.0 and n = 1.5.

The largest error in this approximation is at large TO and o> and
small n and /*/. For o><0.99, the largest error is 10, 6, and
2%, respectively, for /z = 4/3, 1.5, and 2.0. It has been
suggested4 that the directional character of the emittance is
almost independent (within 10%) of refractive index, scat-
tering albedo, and optical thickness. Inspection of Fig. 1
reveals that this observation is incorrect, except possibly for
large optical thicknesses.

Numerical results for the normal emittance is presented in
Table 1 for n = 1.5 and 2.0. Inspection of Table 1 reveals that
the normal emittance is decreased by scattering (o>>0). An
increase in refractive index decreases the emittance for a
nonscattering medium (w = 0); however, for a scattering
medium the emittance first increases, reaches a maximum,
and then decreases with refractive index. As the albedo is
increased, the refractive index at which the maximum occurs
also increases. This maximum is shifted to larger refractive
indices when the albedo or optical thickness is increased. As
might be expected, an increase in optical thickness is always
associated with an increase in emittance. The influence of
refractive index is most pronounced at large optical
thicknesses, i.e., a semi-infinite medium.

The ratio of hemispherical to normal emittance is presented
in Table 1. The ratio is greater than unity for small optical
thicknesses and less than unity for large optical thicknesses.
This behavior is because the directional emittance is greater
than normal emittance for most directions at small optical
thicknesses.

A close inspection of the numerical results reveals that/(/i)
or /- (0,/z) is a weak function of /*. This is especially true for
l</i</ic. Employing the first term of Taylor expansion of
/(/*') about At '=^ i.e.,/OO=/Ot), in Eq. (4) yields the
following approximation:

(9)

The validity of this approximation is illustrated in.Fig. 2 for
At7 = l and « = 1.5. The largest error occurs for normal
emittance and small amounts of absorption (o>=l). For
70 < 5, the approximation of Eq. (9) underestimates the
emittance, while for r0>5 the emittance is overestimated.
Thus, Eq. (9) is accurate to within 15% for w<0.99 and
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